I. PURE MAGNETIC SCATTERING FROM IRON BORATE
The primary result of the present study is to determine the phase of magnetic x-ray scattering from FeBO 3 , by observing interference with resonant scattering at forbidden reflections, from which the sign of the Dzyaloshinskii-Moriya (DM) interaction can be determined and compared to new theoretical models. In order to carry out such an analysis with confidence, it is necessary to establish that the pure magnetic and pure resonant signals can be modelled reliably and accurately, with a particular emphasis on their phases. We begin by discussing the theoretical and experimental forms of the magnetic scattering.
Quantum or semi-classical electrodynamical calculations give a well established expression for the amplitude of spin magnetic x-ray scattering
where Q is the scattering vector, vector F spin (Q) is the corresponding Fourier harmonic of the spin (not magnetic moment!) density, r e = e 2 /mc 2 is the classical electron radius,hω is the photon energy and vector B determines polarization properties of spin scattering:
Here ( ) and k (k ) are the polarization and wave vectors of the incident (scattered)
waves, k = k + Q, k = ω/c. The sign of this expression is positive if the x-ray plane wave is written as exp[i(k · r − ωt)]. The (negative) sign of the scattering electronic charge, e, is not important because the scattering amplitude depends only on e 2 . For σ and π polarizations (linear polarization perpendicular and parallel to the scattering plane, σ × π = k) and polarization states expressed as column vectors, B can be written as
It is important to note that the non-resonant magnetic scattering has both a non-rotated (σ → σ ) and a rotated (σ → π ) component. Only the latter will play a role in interference because the resonant scattering has only this component. The orbital contribution to nonresonant magnetic scattering is expected to be small for iron in FeBO 3 (confirmed both by our experimental data and ab initio simulations) and will be neglected for the time being.
So too is the resonant contribution to the magnetic scattering, which is typically very weak at 3d K-edges when the magnetic ion occupies a centrosymmetric site (the present case).
In weak ferromagnets of FeBO 3 type, the direction of F spin (Q) for the pure antiferromagnetic reflections is normal to the threefold axis and to the direction of the external magnetic field H (applied in the easy plane). There are only two iron atoms per unit cell and the magnetic structure factor F spin (Q) of forbidden reflections (i.e. reflections of the form (hkl) = (0, 0, 6n + 3), which are completely forbidden by spacegroup selection rules for isotropic scattering) has a simple form:
where S is the total spin of the iron atom and f S (Q) is the spin form factor. If the spin structure factor F spin (Q) is real (for instance for centrosymmetric structures) then the magnetic scattering amplitude is purely imaginary. can be rotated in the easy plane by rotation of H as long as H is strong enough to overcome the in-plane magnetocrystalline anisotropy (in the xy plane).
Measurements of the pure magnetic (003) reflection vs magnetic field angle were carried out at Beamline I16, Diamond Light Source 4 , at an energy of 5.1 keV, chosen to be far from the iron K-edge resonance and free from multiple scattering artefacts. The results, shown in Fig. 1 , reveal data of spectacularly high quality due to that fact that no sample rotation is required for this new type of measurement. Moreover, the data agree extremely well with the calculated intensity (to within a single scaling parameter) based on the above expressions, confirming the negligible contribution from orbital magnetism. Magnetic scattering measurements were carried out at ambient temperature, well below the ordering temperature of T N 348 K. On heating the sample in a closed-cycle cryofurnace, the magnetic scattering intensity followed the expected form of a second-order phase transition (Fig. 1) , reported in the literature 5 .
II. PURE QUADRUPOLE RESONANT SCATTERING FROM IRON BORATE
The charge scattering amplitude consists of two parts: non-resonant Thomson scattering and resonant scattering. The latter is traditionally called 'anomalous' scattering: where scalar F T (Q) is the structure factor of the electron density and tensor A symmetry analysis of the resonant scattering tensor 7,8 from the iron sites in FeBO 3 reveals that, for forbidden reflections of the form (hkl) = (0, 0, 6n + 3), the lowest order contributing tensor is of rank four, which can arise from pure electric quadrupole 1s → 3d
transitions. Since transitions of this kind, into the relatively narrow 3d band, tend to be reduced in energy due to differences in core-hole screening, one might expect a very sharp resonance just below the Fe K edge. This is precisely what was observed and is shown in The resonant scattering energy spectrum shows, to a first approximation, a single reso- It is interesting to note that, while weak ferromagnetism and resonant forbidden diffraction are each relatively rare, there appears to be a very strong tendency for the former to exhibit the latter. This can be understood qualitatively by the fact they both phenomena rely on a twisted local environment of heavy atoms.
III. THEORY: FDMNES AND SCATTERING PHASES
Most crucial for the present study is the relative phase between the resonant charge and magnetic scattering terms, determined by the structure factors F res (Q) and F spin (Q). The magnetic term was calculated according to Eq. 1 and for resonant scattering amplitude we used the FDMNES program (see Fig. 4 for some important definitions) as outlined above. We see that a modest non-resonant magnetic scattering produces a pronounced difference in reflection intensities owing to its interference with the imaginary part of the resonant scattering. The most important aspect of the calculated magnetic/resonance interference is that we observe a clear energy jump which determines the phase of the magnetic scattering elegantly and unambiguously.
SUPPLEMENTARY INFORMATION
The calculated curves in Fig. 3 (main article) were obtained by fitting the FDMNES calculated resonance spectrum to a double resonance model (two Lorentzian amplitudes of opposite sign, separated by an energy ∆E),
since the angular dependent scattering amplitude is known to take a simple cos 3ψ form (resulting from the three-fold crystal symmetry and consistent with the cos 6ψ intensity variation shown in Fig. 3 ), and the magnetic amplitude follows Eqn. 1. An arbitrary overall intensity scale factor was employed, and the value of the magnetic moment varied within a factor of two to give the best fit to the data. The latter gave a clearer comparison with experimental data without affecting the sign of the magnetic scattering amplitude. Let us assume (as predicted by the present theory) that the DM interaction induces a small left-hand twist of opposing spins of atoms at (0,0,0) and (1/2,1/2,1/2). This means that in the DM energy,
(Note that the magnetic moment is opposite to the spin direction since the gyromagnetic ratio g −2 is negative). In Fig. 4 , for the indicated direction of H(η = 90 • ), the magnetic moment of the atom at (0,0,0) is directed up and slightly left whereas for the atom at (1/2,1/2,1/2) the magnetic moment is directed down and slightly left. Correspondingly, the spin of the atom at (0,0,0) is directed down and slightly right whereas for the atom at (1/2,1/2,1/2) its spin is directed up and slightly right (shown by short green arrows).
For the opposite direction of H all the moments and spins change sign. The conventional orthorhombic unit cell (used in FDMNES) is shown as a black rectangle. Experimental
It is convenient to rotate the orthogonal axes to an equivalent orientation so that y ort will be vertical (red rectangle). In this case the spin of the atom at (0,0,0) is directed along -y ort whereas for the atom at (1/2,1/2,1/2) it is directed along y ort , so that the spin structure factor F spin is proportional to -y ort . Now, for ψ exp = 0 the FDMNES azimuthal
The FDMNES amplitudes are calculated for small cluster of radius 4.0Å, containing 33 atoms. We find that the size of the cluster and the method of calculation (Green's function or iron borate demonstrated that the choice of the on-site Coulomb interaction, U plays an important role in reproducing the correct value of the bandgap of 2.8 eV 14, 15 . Depending on the method the value of the U parameter varies from 2.97 eV (many-body model calculations) to 7 eV (first-principles calculations) 16, 17 . In the present work we focus on the correct description of the magnetic couplings between iron moments and the value of the canting angle observed in experiment. As we will show below, good agreement can be achieved with U=5 eV. The same value was used to reproduce the electronic and magnetic structure of haematite (α-Fe 2 O 3 ) -another classical example of antiferromagnet with weak ferromagnetism 18 . Fig. 7 gives the band structure and partial densities of states (DOSs) calculated using the LSDA+U approach for antiferromagnetic (AFM) configuration (without spin canting). The electronic spectrum agrees with that presented in previous works 17 . One can see that the unoccupied bands above the Fermi level demonstrate localized behaviour. They mainly originate from the iron 3d states. This is not the case for valence band where a strong hybridization of the 3d iron and 2p oxygen states is observed. The LSDA+U value of the energy gap of 2.7 eV is in excellent agreement with experimental value.
The previous ab-initio investigations 17 revealed two possible magnetic solutions with highspin and low-spin ground states. The latter can be realized due to a strong crystal field splitting of about 2 eV. In our calculations we can reproduce both of them by varying the value of the initial spin splitting for the on-site LSDA+U potential. The resulting magnetic moments are M F e = 4.28 µ B for high-spin (S = 5 2 ) and M F e = 1.1 µ B for low-spin
) states. Below we will consider the high-spin solution which is the ground state at 
V. THEORY: ISOTROPIC MAGNETIC COUPLING
Having described the antiferromagnetic ground state without spin-orbit coupling we are going to analyse the low-energy magnetic excitation spectrum of the system to obtain information about isotropic exchange (IE) interactions for the spin Hamiltonian, i.e. the first term in Eq.
(1)(main text). For this purpose, one can use a magnetic force theorem that, being formulated in terms of Green's functions, have produced an array of very reliable results concerning magnetic couplings in transition metal oxides 19, 20 . Starting from the collinear ground state the exchange interaction parameters are determined via calculation of second variation of total energy δ 2 E for small deviation of magnetic moments,
The advantage of this method is that the expression for the second derivative can be derived analytically and requires for its evaluation only calculation of the integral over the product of the one-electron Green's functions.
The isotropic exchange interactions between magnetic moments calculated for U= 5 eV are presented in Table I . It shows that there is a strong interaction of the central site 0 and iron atoms that belong to the first coordination sphere. The couplings with next nearest neighbours are at least of one order of magnitude smaller and we can neglect them. The leading magnetic interaction of 10.3 meV is in good agreement with experimental estimate of 7.5 meV in 21 . These results, obtained with the magnetic force theorem, can be confirmed by the total energy difference method where the exchange interaction is defined
is energy of the ferromagnetic (antiferromagnetic)
configuration and z = 6 is a number of nearest neighbours. We obtain J =9 meV, which is in good agreement with the Green's function method results.
TABLE I. Calculated values of isotropic exchange interactions between magnetic moments in
FeBO 3 (in meV). The number in parentheses denotes the coordination sphere.
10.28 0.21 0 0.54 -0.08 0 0.02
VI. THEORY: MODELING THE CANTED STATE
The experimental investigations revealed that in the ground state there is a canting of the magnetic moments with respect to the antiferromagnetic configuration. Depending on initial directions of the magnetic moments in our calculations we simulated different magnetic configurations. Two stable magnetic states, with moments lying along x and z axes, were obtained. The main difference between these solutions is that we observe a canting of the spins when moments are lying in the xy plane (Table II) . This is not the Taking into account that the number of iron 3d electrons is about 6, as predicted by our calculations, this corresponds to the case of more than half filled shell and the spin and orbital moments are parallel to each other.
Using the calculated magnetic moments (Table II) we can obtain the sign and value of some components of the Dzyaloshinskii-Moriya interaction in the Hamiltonian given by Eq. 1 (main text). Since the vector product [S 1 × S 2 ] is parallel to z-axis, the corresponding anisotropic coupling must be antiparallel in order to minimize the energy of the system, i.e., D z AB < 0. As for the absolute value of the DM interaction, it can be estimated via the canting angle and isotropic exchange interaction, |D The resulting variation of the electronic Hamiltonian has a very compact form and contains the Dzyaloshinskii-Moriya interaction (anticommutator) and symmetric anisotropic exchange interaction (commutator),
where N nm is the energy-integrated inter-site Green's function (occupation matrix) which describes the propagation of an electron from site n to m,Ĵ is the total moment operator In contrast to other numerical approaches 18, 26, 27 for calculating DM interaction which are based on the rotation of the on-site exchange fields, our method has fully inter-site formulation (i.e. the rotation of the hopping matrix). For the case of orbitally-independent magnetic excitations the on-site and inter-site considerations provide two alternative ways to solve the problem of the determination of spin Hamiltonian parameters. On the other hand our inter-site approach becomes preferable when the potential depends on the particular 3d orbital, and spin-orbit coupling is taken into account. In this case the 'on-site' formulation leads to a complicated situation where, in general, the spins of different orbitals can be noncollinear to each other (intra-atomic noncollinear magnetic ordering) 23 , requiring the spin dynamics for different orbital states to be treated independently at one site. In turn, such an orbital resolution complicates the resulting magnetic model that will also have orbital degree of freedom. As we previously demonstrated 28 our inter-site consideration allows one to preserve the simplicity of the magnetic model while taking into account orbital and spin excitations of the system. Thus, the correlated band method for calculating DM interaction parameters can be used for a wide range of materials ( Fig. 8 ) with different strengths of the spin-orbit coupling and correlation effects.
For FeBO 3 , the calculated anisotropic exchange interactions between atom 0 and atoms that belong to the first coordination sphere (Fig. 1, main text) are presented in Table III .
They are not independent and can be transformed to each other by using the symmetry operations of the space group R3c. Having calculated all the parameters of the spin Hamiltonian we are in position to describe the weak ferromagnetism observed in iron borate. For this purpose, one should define the canting angle and the plane of the spin rotation, δφ, which can be done in the mean-field approximation,
Here the summation runs over the atoms that belong to the first coordination sphere. The symmetry of the canting is defined by the symmetry of the magnetic torque, i.e. the total DM interaction. In our case the latter is along z axis, which means the rotation of the spins occurs in the xy plane. 
